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Abstract
Discussions on a form of a frequency spectrum of wind-driven sea waves just above the
spectral maximum continue during the last three decades. In 1958 Phillips made a conjecture
that wave breaking is the main mechanism responsible for the spectrum formation. That leads
to the spectrum decay  ω−5, where ω is the frequency of the waves. There is a contradiction
between the numerous experimental data and this spectrum. The experiments show decay
 ω−4. There are two general ways of the explanation of this phenomenon. The first one
(proposed by Banner (1990)) takes into account the Doppler effect due to surface circular
currents generated by long waves in the Phillips model. The second approach ascends to the
work by Zakharov and Filonenko (1968). It is based on four-wave interactions in the kinetic
equation and gives good agreement with the experimental data.
In this article the contribution to the Phillips model due to the Doppler effect was examined.
We considered the cases of isotropic and strongly anisotropic spectra. Both analytical results
and numerical computations give us an evidence to state that the Doppler effect cannot explain
the divergence of Phillips model with experimental data.
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1 Introduction
The problem of propagation of waves on the surface of the ocean is one of the classical problems of hydro-
dynamics. The first theoretical result goes back to the work of Airy (1845), who stated that the waves of
small amplitude are sinusoidal. Then Stokes (1847) took into account the first nonlinear correction to the
Airy’s solution.
After this a large number of interesting and important papers was published . But having in mind the goal
of this article, it is necessary to mention several works. Phillips (1960) has shown that the nonlinearities of
the third order transferring the energy from three waves to fourth one, can cause continuous energy transfer
over the wide frequency interval to the free wave. Hasselmann (1962,63) has calculated the amount of the
transmitted energy.
The work by Phillips (1958) contained a suggestion that the main phenomenon influencing the form of
spectrum is the wave breaking. This results in the spectrum decay  ω−5 for the frequencies higher than
spectral pike. In this hypothesis the wave-wave interaction was neglected. The first experiments seemed to
give a support to Phillips’ idea. But later experiment by Toba (1972) give the different result - the decay
of spectrum was  ω−4. Further experiments ( Kahma 1981; Forristall 1981; Donelan 1985) confirmed
Toba’s data. This contradiction initiated the search of explanation of this fact.
There are two completely different models of explaining this phenomenon. After the works by Hasselman
(1962,63) on kinetic equation the importance of wave-wave interaction for surface waves on liquid has been
understood. In the paper of Zakharov and Filonenko (1968) taking into account weak nonlinear four-wave
interaction in the Hasselman kinetic equation the spectrum  ω−4 was obtained. This result has clear
physical explanation. This is weak turbulent Kolmogorov spectrum corresponding to the direct cascade of
energy to the high frequency region.
Despite of the existence of physically clear explanation several scientists continue to use the Phillips
model. An alternative explanation was proposed in the work of Banner (1990), it is based on taking into
account spectrum distortion due to Doppler effect of circular currents, brought about long wave background
currents.
There were several works about short wave propagation on the background of a long wave. One of
them was the work by Longuet-Higgins and Stewart (1960). The work by Craik (1987) was based on the
Zakharov’s (1968) spectral formulation and gives more general results. Both of them take into account
wave-wave interaction. As was mentioned above this is in contradiction with the Phillips approach. It
means that those works cannot help us in exploring the Banner’s hypothesis.
It is obvious that knowledge of the spectrum form above the spectral pike is necessary for accurate
computation of nonlinear energy transmission. Hence it is important to understand, what point of view on
the phenomenon is correct.
In this paper we examine the assumption of Banner (1990) (developed by Donelan (1998)). In Sect. 2 we
introduced the general notations (following Phillips). In Sect. 3 the general formula for spectrum (taking
into account Doppler shifting) is derived. It is convenient to introduce a new set of dimensionless variables,
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this is considered in Sect. 4. In Sect. 5 we develop an important case of dispersion ω2 = gk (”deep water”)
where g is the gravity acceleration, k is the wave number equal to 2pi/λ. Section 6 is devoted to numerical
results. The conclusion is placed in Sect. 7. The results obtained allow us to state, that the mechanism
suggested by Banner (1990) and Donelan (1998) does not give the result corresponding to experiments. It
looks like that the only non contradictory explanation of experimental data was proposed by Zakharov and
Filonenko (1968).
2 Formulation of the problem and notations
Following the notations of Phillips, the wave spectrum for homogeneous stationary wave field can be intro-
duced as follows
X(k, ω) = (2pi)−3
Z +1Z
−1
ρ(r, t) exp[−i(kr − ωt)]drdt, (1)
where ρ(r, t) = ξ(x, t0)ξ(x + r, t0 + t) is the covariance of the surface displacement ξ(x, t), r is the
spatial separation vector, t is the time separation, k = −−−−!(k1, k2) = −−−!(k, θ) is the wavenumber vector (the
second representation is just the same in polar coordinates) and ω is the radian frequency. Obviously it can
be rewritten in terms of Fourier transforms of corresponding functions
hξ(k, ω)ξ(k0, ω0)i = X(k, ω)δk−k′δω−ω′ , (2)
X(−k,−ω) = X(k, ω).











In general case it is impossible to express F (ω) in terms of Φ(k). But in the case of small wave amplitude
(following the works by Airy (1845)) we can use the linearized equation
X(k, ω) = Φ(k) (δ(ω − ωk) + δ(ω + ωk)) , (5)
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where ωk = ω(k) is the dispersion law and δ is the Dirac delta-function. Now one can rewrite Eq. (4) in
the following form





Φ(k, θ) (δ(ω − ωk) + δ(ω + ωk)) kdkdθ. (6)






Φ(k, θ)δ(ω − ωk)dθkdk. (7)









where k(ω) is the inverse function for ω(k).

















































If the spectrum is determined by discontinuities of spatial derivative (wedges) caused by wave breaking






In the isotropic case substitution Eq. (12) to Eq. (10) gives
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Similar calculation for Eq. (11) gives the following result




Here α is the so-called Phillips’ constant.
If the wedges appear on each wave crest, α should not be too small (α ’ 0.1). Any attempts to fit Eq.
(13) or Eq. (14) to experimental facts give for α at least one order of magnitude less.
3 General formula for spectrum with the account for the Doppler effect
Let us assume that we study waves on the background of cyclic current v(t) beneath the surface. Taking
into account the Doppler effect in the dispersion equation one can get the following substitution
ω(k) −! ω(k) + kv(t).
Suppose that this current is described by a one-dimensional periodic function
v(t) = v cosω0t.
This allows us to rewrite our substitution in the following form
ωk −! ω(k) + kv cos(ω0t) cosψ,
where ψ is the angle formed by k and v vectors. Without loose of generality one can take ψ = θ. Using










Φ(k, θ)δ(ω − ω(k)− kv cos(ω0t) cos θ)dθkdkdt, (15)
where T is the period equal to 2pi/ω0. It is useful to take an average value on variable t as the first step. Let






δ(ω − kv cosω0t cos θ − ωk)dt,
ω − ωk = kv cos θ cos(ω0t0),
M =
1
pikv cos θ sin(ω0t0)
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k2v2 cos2 θ − (ω − ωk)2
. (16)









k2v2 cos2 θ − (ω − ω(k))2 . (17)
It is necessary to understand that the limits of integration have to be chosen in order to get real F (ω), i.
e.
k2v2 cos2 θ > (ω − ωk)2,
because only real part of the spectra makes physical sense.
4 Convenient set of dimensionless variables











One can see that ζ is a dimensionless k analog, and λ is just the same for ω. In these variables the spectrum












ζ2 cos2 θ − (λ− λk)2
,

















where B is the constant which appears as a result of the substitution k ! ζ in Φ(k). For the Phillips
spectrum case Eq. (12) this constant takes the form B = αv8/g4.







where ωp = g/cp is the pike-frequency (this is the only frequency-like scale in the model) and cp is the
phase velocity. The ratio  = v/cp according to Banner (1990) is 0.05 in magnitude.
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For the case of strongly anisotropic spectrum (Φ(k, θ) = Φ(k)δ(θ)) one can easily obtain the following












































u = sin θ,












































where K is the complete elliptic integral of the first kind. As was mentioned above only real part is


















Expressions (21) and (24) are valid for an arbitrary dispersion relation λk = ω(k)v/g.
5 Deep water case
For further study of the isotropic spectrum (this case is more complex so let us do it first and then perform
the same calculations for the anisotropic case) we have to introduce the form of the dispersion law. We
think that the case of the deep water surface is the most important. We have to use explicit expression of
ωk, in the case of a deep water ωk =
p

























































ζ, y  0, so we can state that interesting domains are















































































Let us explore special case, when Φ(ζ) is a quickly going down to zero function, like Phillips spectrum
I(z) = 1/z4. In this case we can take into account only first part of ( 29) at λ  1/4. Calculation of the
spectrum decomposition is situated in Appendix A and gives us the following result
F (λ) = F0(1 +
1
4








this is just the Phillips spectrum Eq. (13) in absence of Doppler effect for isotropic distribution.
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For the one-directional spectra we can use exactly the same approach, but all calculations become more
simple. The starting domains of integrations (which correspond to Eq. (29) and Eq. (30)) are the following







































































The complete analysis of this case is situated in Appendix B and gives us the following formula
F (λ) = F0(1 +
1
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this is just the Phillips spectrum Eq. (14) in absence of Doppler effect for strongly anisotropic distribution.










Following Banner (1990) we can take  = v/cp = 0.05. After this one can obtain the following inequality
ω  5ω0. (37)
In the works of Banner (1990) and Donelan (1998) the Doppler shifting has to give us the desired ω−4
spectrum in the range ω/ωp > 3. It means that we cannot consider the ω−4 spectrum as an artifact of the
observation of time histories at a point brought about by Doppler shifting of the short waves riding on the
orbital currents of the long waves.
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6 Numerical results
The integrals Eq. (29), Eq. (30), Eq. (33) and Eq. (34) can be easily calculated numerically. It is not very
illustrative to view the explicit form of the spectrum, so let us represent it as the ratio F (λ)/F0(λ). The
expressions Eq. (29), Eq. (33) and Eq. (30), Eq. (34) give us the curves shown in Fig. 1.
It is obvious that the form of the first part of the decomposition is not linear and it means that we cannot
transform the ω−5 to ω−4. The most illustrative form to estimate the power of the ω in F (λ) is the logarithm
scale. The results are represented in Fig. 2
As one can easily see, there is almost no difference betwin ω−5 line and calculated curve. Thus in this
range (λ  1/4) we can state that the does not give Doppler a desirable result. We can see that there are no
prerequisites for transformation Phillips spectrum (ω−5) to experimentally observed ω−4.
7 Conclusion
The presence of at least two different approaches on the wind-driven sea waves frequency spectra formation
motivate us to examine the Phillips model in the presence of the Doppler effect. The pure Phillips model
gives the results essentially different with the experimental data. Following Banner conjecture we obtained
the general formula for an arbitrary frequency spectrum in the presence of the Doppler effect. Using this
formula we have performed an analytical analysis of the influence of the Doppler frequency shifting on sur-
face waves’ spectra at the deep water and strongly anisotropic cases. The forms of spectra were calculated
numerically for a wide range of frequencies.
Analytical and numerical results give an irrefutable proof of inconsistency of Doppler shifting mechanism
in fitting Phillips model with the experimental results. An analytical estimation shows that in the presence
of Doppler effect its contribution is negligible. The numerical computation gives spectrum decay ω−5 at
least up to frequency 20ωp.
According to present experimental results one has to recognize that Phillips model of energy dissipation
does not give the result similar to experimental data even if the Doppler effect takes place.
Appendix A Calculations of spectrum decompositions for isotropic case

















2λ2x2 − 4λ3x3 + 10λ4x4 = λ2 − 2λ3x+ 5λ4x2. (A3)
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For substitution dζ = ζ0(x)dx we have to calculate the first derivative

























1 + 2λx− 2λ2x2 + 4λ3x3−
− 10λ4x4 + 28λ5x5− λ
x2
=
= −2λ3 (1− 5λx+ 21λ2x2 . (A4)





















































































































































Now one can obtain the coefficient before λ2
21
4
− 10− 5 + 10 = 1
4
. (A13)
The final result is









Appendix B Calculations of spectrum decompositions for strongly anisotropic case










1− x2 dx, (B1)




























































































Now one can obtain the coefficient before λ2
21
2
− 20− 10 + 20 = 1
2
. (B8)
The final result is
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Fig. 1. Ratio of calculated spectra F to Phillips spectrum as a function of dimensionless variable λ is shown. It is
clearly that F starting to deviate from Phillips spectrum only at λ ∼ 0.4
Fig. 2. Logarithm of calculated spectra F and Phillips spectrum as a function of logarithm of dimensionless variable
λ is represented. It is easy to see that calculated spectra are lines are exactly parallel to line corresponding to Phillips
spectra. This allow us to conclude that the power of frequency is the same and is equal to -5
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